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Abstract 

The expansion of a Lie algebra entails finding a new, bigger algebra (55, through a series of 
well-defined steps, from an original Lie algebra q. One incarnation of the method, the so-called S- 
expansion, involves the use of a finite abelian semigroup S to accomplish this task. In this paper we 
put forward a dual formulation of the S'-expansion method which is based on the dual picture of a 
Lie algebra given by the Maurer-Cartan forms. The dual version of the method is useful in finding 
a generalization to the case of a gauge free differential algebra, which in turn is relevant for physical 
applications in, e.g., Supergravity. It also sheds new light on the puzzling relation between two 
Chern-Simons Lagrangians for gravity in 2 + 1 dimensions, namely the Einstein-Hilbert Lagrangian 
and the one for the so-called 'exotic gravity.' 
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I. INTRODUCTION 

Lie algebra expansions were introduced by the first time in Ref. and the method 
was subsequently studied in general in Refs. The idea is to perform a rescaling 

by a parameter A of some of the group coordinates g l , i = 1, . . . , dimjj. Consequently, the 
Maurer-Cartan (MC) one-forms u l (g, A) of g are expanded as a power series in A. Inserting 
these expansions back in the original MC equations for g, one obtains the MC equations of 
a new finite-dimensional expanded Lie algebra. 

An alternative expansion procedure to the method of power series expansion is the S- 
expansion method . The S-expansion method allows us also to obtain new Lie algebras 
starting from an original one by choosing an Abelian semigroup 5" and applying the general 
theorems 4.2 and 6.1 from Ref. 5], which give us, following the terminology introduced in 
Ref. Q|, "resonant subalgebras" and what has been dubbed "reduced algebras." 

In spite of the examples given in Ref. [5], the relation between both procedures has 
remained as an interesting open problem basically because (i) the S-expansion is defined 
as the action of a semigroup S on the generators T4 of the algebra and the power series 
expansion is carried out on the MC forms of the original algebra, and (ii) the S'-expansion is 
defined on the algebra g without referring to the group manifold, whereas the power series 
expansion is based on a rescaling of the group coordinates. 

It is the purpose of this paper to study the S'-expansion procedure in the context of the 
group manifold and then to find the dual formulation of such S-expansion procedure. 

The article is organized as follows. In section [TT] we review the main aspects of the 
S-expansion procedure. In section II III we shall construct the dual formulation of the Lie 
algebra S-expansion procedure. The expansion of free differential algebras is considered 
in section IIVI In section |V] several applications are shown, e.g., how to obtain (2 + 1)- 
dimensional Chern-Simons (CS) AdS gravity from the so-called exotic gravity. Section IVII 
concludes the work with an outlook to further applications in gravity and supergravity. 

II. S-EXPANSION OF LIE ALGEBRAS 

In this section we shall review the main aspects of the S-expansion procedure introduced 
in Ref. The S-expansion method is based on combining the structure constants of a Lie 
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algebra g with the inner multiplication law of a semigroup S to define the Lie bracket of a 
new, ^-expanded algebra (55 = S x g. 

Let S = {\ a , a = 1, . . . , N} be a finite abelian semigroup with "two-selector" K a ^ de- 
fined by 

1, when AqA/3 = A-y 
KJ=\* " 7 (1) 

I 0, otherwise, 

and let g be a Lie algebra with structure constants C AB C , 

[T A ,T B ] = C AB C T G . (2) 

n 

Then it may be shown [5] that the product = 5 x g corresponds to the Lie algebra given 
by 

[T( A ,a),T(B,p)] = K af PC AB c T {Ca y (3) 

Theorem II. 1 The product [•, •] defined in eq. (TJj) is also a Lie product because it is linear, 
antisymmetric and satisfies the Jacobi identity. This product defines a new Lie algebra 
characterized by the pair ((25, [-, ■]), which is called S'-expanded Lie algebra. 

Proof. The proof is direct and may be found in Ref. [Sj. ■ 



III. DUAL FORMULATION OF THE S-EXPANSION PROCEDURE 

Theorem III. II implies that, for every abelian semigroup S and Lie algebra g, the product 
(5 = S x g is also a Lie algebra, with a Lie bracket given by eq. ([3]). This in turn means that 
it must be possible to look at this S'-expanded Lie algebra (3 from the dual point of view of 
the MC forms. 

Theorem III.l Let S = {A a , a — 1, ... , N} be a finite abelian semigroup and let uj a be the 
MC forms for a Lie algebra g. Then, the MC forms uj( A ' a ' associated with the S -expanded 
Lie algebra 65 = S x g [cf. Theorem \II. 1]/ are related to the uj a by 

^ = \ a J A > a \ (4) 

By definition, these forms satisfy the MC equations 

d,/^ + \K a ^C AB c ^^ = 0. (5) 



3 



Proof. The simplest way to check the validity of eq. (j4j) is by multiplying eq. (jSJ) by A 7 and 
using the defining relation for the two-selector K a ^ ', namely X a X/3 = K^X^. We get 



A- 



d [X^] + L -C AB C [X a u^] [X^M] = 0. 



(6) 
(7) 



The required identification is obtained by matching eq. (|7D with the MC equations for q. 
This concludes the proof. ■ 

It is perhaps interesting to notice that the relation shown in eq. (j3J) is analogous to the 
method of power series expansion developed in Ref. Q]. 



A. Os-Reduction of S'-expanded Lie Algebras 

The concept of reduction of Lie algebras, and in particular O^-reduction, was introduced 
in Ref. As implied by the name, it involves the extraction of a smaller algebra from a 
given Lie algebra g when certain conditions are met. In spite of the superficial similarity of 
the concepts, a reduced algebra is not, in general, a subalgebra of g [5]. 

In this section we present the dual formulation for the 0$- reduction of an S"-expanded Lie 
algebra £5, formulated in the language of the MC forms. 

Let S = {Aj, i = 1, . . . , N} U {Ajv+i = 0^} be an abelian semigroup with zero. The ex- 
panded MC forms uj^^ are then given by 

u A = XiU^ + s u A , (8) 

where u A = ct/ A,7V+1 ). We shall show that the MC forms oj( a,1 > by themselves (without 
including Cj a ) are those of a Lie algebra — the O^-reduced algebra 

It can be shown |5| that C AB C are the structure constants for the O^-reduced S- 
expanded algebra <Sr, which is generated by T/A,i) : 

[T( A ,i),T {BJ) ] = C AB c T( C ,k)- (9) 

Theorem IIII.2I below gives the equivalent statement in terms of MC forms. 

Theorem III. 2 Let S = {Xi,i = 1, . . . ,N} U {A^v+i = 0^} be an abelian semigroup with 
zero and let {uj( A ' 1 \ i = 1, . . . , A^} U {u>( A ' N+1 ' ) = lj a } be the MC forms for the S -expanded 



algebra <5 = S x $ of q by the semigroup S. Then, {uj( a ' 1 \ i = 1, . . . , iV} are the MC forms 
for the Os-reduced S-expanded algebra <8r. 



Proof. The MC forms for the S'-expanded algebra (5 satisfy the MC equations [cf. eq. ([5])] 



du (C,<y) + \ Ka ^C AB C u^J B ^ = 0. (10) 



The 7 = k component reads 



d jc,k) + ^ K Jc AB c J A ^J B ^ = 0. (11) 
Summing over a and (3 and noting that K iN+1 = K N+1 - k = K N+1<N+1 h = we get 

du (C,k) + 1 K k^CJA^JBJ) = Q) (12) 

2 J 

which shows that {uj( A ' l \i = 1, . . . , N} are the MC forms for a Lie algebra whose structure 
constants are K i - k C AB c , as we set out to prove. ■ 



IV. GENERALIZATION TO THE CASE OF A GAUGE FREE DIFFERENTIAL 
ALGEBRA 

A free differential algebra (FDA) is a set of differential forms closed under the action of 
the exterior product 12 \ A and the exterior derivative d [3, B]- 



Every Lie algebra q leads to a 'gauge' FDA through its MC equations. To obtain a gauge 
FDA we replace the MC forms u A by the gauge field one-forms A A and introduce their 
corresponding curvatures F A by 

F A = dA A + ho BC A A B A c . (13) 

This equation expressing the exterior derivative of the gauge connection A A in terms of the 
curvature F A must be supplemented with the Bianchi identity, which expresses the exterior 
derivative of F A in terms of A A and F A itself: 

dF A + C BC A A B F C = 0. (14) 

Eqs. f fT3|) - f|T4l) form the gauge FDA on which we shall perform the S'-expansion. 
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Theorem IV. 1 Let S = {X a , a = 1, ... , N} be a finite abelian semigroup and let g be a Lie 
algebra. Then, the 'expanded' connection A^ A '°^ and curvature F^ A,0 ^> defined by [see eq. (QU/ 

A A = X a A^ a \ (15) 
F A = X a F (A > a \ (16) 

form a gauge FDA for the S- expanded Lie algebra <5 = S x g ; with the defining equations 

dA ^ + ^K^ a C BC A A^A^ = F^ A ' a \ (17) 
dF (A,a) + K ^ a C BC A A^F^ = 0. (18) 

Proof. We must show that the expanded connection and curvature defined in eqs. ( TT5|) - (|T6|) 
satisfy equations analogous to (TT3l)-(fT4l). with the structure constants of q, C AB C , replaced 
by the structure constants of <3, K a/3 k C AB c [cf. eqs.(fT7l ) -( fT8l) ]. Let us start with eq. (|T3l) : 
substituting eqs. (|T5l)-( fT6i) into eq. ( |T3i) we get 

KF^ = d [X a A^] + l -C BC A [\ P A^] [X,A^] 



= X r 



dA (A,a) + }_ K ^c BC A A^A^ 



(19) 



Equating coefficients on both sides we readily recover eq. f|T3|) . Replacing now eqs. ffT5]) -ffT6 
into eq. (THI) we find 



d [X a F^] + C BC A [X P A^] [X 7 F^] = 



A, 



dF (A,a) + K *c BC A AP>®F( c rt 



0. 



(20) 



which finishes the proof. 



A. Os-Reduction of Free Differential Algebras 

Let S = {Xi, % = 1, . . . , N} U {Aa? + i = 0g} be an abelian semigroup with zero. The ex- 
panded connection and curvature A^ A,a \ F^^ are then given by 

A A = XiA^d + S A A , (21) 
F A = XiF (A ' l) + S F A , (22) 

where A A = A^ A ' N+1 \ F A = F (A ' N+1 \ We shall show that the expanded forms A^\ F^ 
by themselves (without including either A A nor F A ) are those of a gauge FDA — a O^-reduced 
gauge FDA. 
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Theorem IV. 2 Let S = {Aj, i = 1, . . . , N}U{Xn+i = O^} be an abelian semigroup with zero 
and let{A( A ' i \i = l,...,N}u{A( A ' N+ V = A A }, {F^, % = 1, . . . , N} U = F A \ 

be the connection and curvature for the S-expanded gauge FDA obtained by expanding 
(A A ,F A ) by the semigroup S . Then, {A^ A,i \i — 1, . . . , N}, {F( A>i \i= 1,...,N], are the 
connection and curvature for a new, Os-reduced gauge FDA, with the defining equations 

cL4(A*) + \K, ik l C BC A A {B ^A {c ^ = F^\ (23) 
2 J 

dF {A,i) + K]k l C BC A A {B ^F {c ' k) = 0. (24) 



Proof. Since A^ A ' a ^ and F( A > a > are the connection and curvature for an S-expanded FDA, 
they satisfy the defining eqs. ffl~T|) - ffT8]) . To prove eqs. fl23l) - fl24l) it suffices to take the 
a = i component in eqs. (|T7l) - (|T8l) and sum over (3 and 7, taking into account the fact that 
Kj t N+i = Kn+i k = Kn+i n+i = 0- The interested reader will find that the details of the 
calculation are easily filled in. This concludes the proof. ■ 

V. APPLICATIONS TO CHERN SIMONS THEORY OF GRAVITY 

Our main interest in developing methods for expanding Lie and gauge free differential 
algebras lies on their expected applications in gravity and supergravity. 

A. Three-dimensional Gravity Revisited 

As already noted by Witten in his classic 1988 paper [h]], the Einstein field equations 
for General Relativity in three-dimensional space-time can be derived from the 'exotic' 
Lagrangian 

L ex = u\duj b a + |wVV.. (25) 

which is a function of the spin connection uj ab only [the vielbein e a is conspicuously absent 
from (125T)]. 

The Lagrangian ( 1251) can be written as a CS form for the (2 + l)-dimensional Lorentz 
algebra £, 

[Jab, Jed] = VcbJad ~ VcaJbd + VdbJca ~ VdaJcb- (26) 
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The £-valued, one-form gauge connection A and two-form curvature F read 

A = l -u ab J abl (27) 
F = l -R ab J ahl (28) 
where the Lorentz curvature R ab is defined as usual, R ab = du ab + uj a c uj . 



A straightforward calculation shows that 

L cx = 2^AdA+^A i y (29) 
where (• • • ) stands for the following rank two, symmetric invariant tensor: 

(JabJcd) = VadVbc ~ VacVbd- (30) 

By contrast, the usual Einstein-Hilbert (HE) Lagrangian (with a negative cosmo logical 
constant A = —3/£ 2 , where £ is a length), 

Leh = \e abc (V + 7^e a e b ^j e c , (31) 

requires that we consider the full AdS algebra so (2, 2), with the one- form gauge connection 

A = l -e a P a + l -u ab J ab . (32) 

In this section we cast the relationship between ( 1251) and the usual Einstein-Hilbert 
Lagrangian (with a cosmological constant) in terms of an ^-expansion of the relevant FDA. 



In order to ease the comparison, it proves useful to define 13] 



J a = l -e abc J hC) (33) 
u a = ^e abc u bc , (34) 

so that A and F now take the form 

A = uo a J\ (35) 
F = F a J a , (36) 

with 

F„ = i^ = ^-i W -^, (37) 
From this F a we can construct the following invariant polynomial: 

P = F a F a = dL cs , (38) 
which shows that (|25|) is a CS form, quasi-invariant under Lorentz transformations. 
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A()Ao 


= A 


AoAi 


= Ax 


AiAo 


= Xi 


AiAx 


= A 



B. The ^-expansion 

Let us consider the (semi)group = {Ao, Ai}, provided with the following product: 

(39) 
(40) 
(41) 
(42) 

Following the ideas from section HVl we define the S-expanded spin connection and cur- 
vature by 

u a = \ JV + \ 1 u£\ (43) 
F a = \ F® + A lJ P«. (44) 

Inserting (T43l) - (H4T) in the definition of curvature (I3"T|) . 

AoFi 0) + XiF^ = d (A o;f + A^) - (A ^ + A lW ?>) (^f + A lW «) , (45) 

and using the multiplication law (I39l)-(l42l). we easily read off the expressions 

^ (0) = d*?> - lva b e bcd + 4^) , (46) 

F^^^-^e^uf. (47) 



Now we introduce the notation 



4 0) = (48) 
1 
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^ = ^e a , (49) 



^ (0) = (V c + ^eV ) , (50) 



and find that we can write 



2 auc v £ 2 
= Jr., (51) 

provided we identify e a with the vielbein, R ab with the Lorentz curvature defined above and 
T a with the torsion, T a = de a + u a b e b . These last equations correspond to the curvatures of 
the Lie algebra so (2, 2). This is a consequence of the fact that the so (2, 2) algebra can be 
regarded as a ^-expansion of so (2, 1) [ill ]. 



C. Expansion of the Action 



One of the advantages of the S-expansion method is that it provides us with an invariant 
tensor for the S'-expanded algebra = S x g in terms of an invariant tensor for g. 

As shown in Ref. [Sf] , a rank 2, symmetric invariant tensor for an S'-expanded algebra 
takes the form 

(T(A,a)T( B ,p)) e = (T A T B ) g , (52) 

where a 7 are arbitray constants. 

Using this result in the Z^-expansion of the Lorentz algebra £ we get 

(JabJcd) = CO (JabJcd) £, (53) 
(J ab P c ) = (71 {JabJc} £ , (54) 

(P a P b ) = <r (J a J b ) z , (55) 
where J a = — (1/2) e abc J bc . Inserting (1301 explicitly, we find 

(JabJcd) = O"0 (VadVbc ~ VacVbd) , (56) 
(JabPc) = Vl£abc, (57) 

(P a P b ) = a oVab . (58) 

This is perhaps the most important result of this section, so we would like to spell it out: 
by starting from the Lorentz algebra in 2 + 1 dimensions and applying an S-expansion 
with S = Z 2 , we find: (i) the AdS algebra in 2 + 1 dimensions, and (ii) an AdS-invariant, 
symmetric invariant tensor built from one for the Lorentz algebra. Also note the presence 
of the arbitrary constants o"o and a%: they signal the existence of actually two independent 
invariant tensors for the AdS algebra, one built from rj ab and the other from e abc . 

If we now use the invariant tensor ( l56l) -(|58 j) in the general expression for a CS Lagrangian, 
we find 

£cs = -\* L a M a + \uj\uj\uj\ - j 2 e a T a \ + (59) 



<7i 

i n E-abc 



R ab + -4re a e 6 ] e c + d ( -uj ab e c 



(60) 



U 2 

There are two independent terms here: the one proportional to do provides the 'exotic' 
Lagrangian, while the one proportional to <j\ contains the EH Lagrangian with a cosmo- 
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logical constant. Note also the presence of the extra torsional term, which ensures the 
AdS-invariance of the enlarged exotic Lagrangian. 



VI. COMMENTS AND POSSIBLE DEVELOPMENTS 

In this work we have found a relation between two procedures for the expansion of Lie 
algebras, namely a relation between the so-called 'power series expansion method' of Ref. 
and the 'S'-expansion Procedure' of Ref. |5|]. Actually a dual formulation of the S-expansion 
method was found, based on the MC forms. It is also shown that the generalization of this 
procedure permit the construction of S-expanded gauge free differential algebras. Finally, 
as an example of the application of the dual S'-expansion method, we obtain the (2 + 1)- 
dimensional CS AdS gravity from the so-called exotic gravity. 

Several aspects deserve consideration and many possible developments can be anticipated. 
A still unsolved problem is to find a relation between five- dimensional CS gravity and general 
relativity (work in progress). 
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